We demonstrate the formation and trapping of different stationary solutions, oscillatory solutions, and rotating solutions of a polariton condensate in a planar semiconductor microcavity with a builtin ring-shaped potential well. Multistable ring shaped solutions are trapped in shallow potential wells. These solutions have the same ring shaped density distribution but different topological charges, corresponding to different orbital angular momentum (OAM) of the emitted light. For stronger confinement potentials, besides the fundamental modes, higher excited (dipole) modes can also be trapped. If two modes are excited simultaneously, their beating produces a complex oscillation and rotation dynamics. When the two modes have the same OAM, a double-ring solution forms for which the density oscillates between the inner and the outer ring. When the two modes have different OAM, a rotating solution with a crescent-shaped density and fractional OAM is created.
Introduction -Optical vortices have been widely studied in nonlinear optics [1] [2] [3] [4] [5] [6] . The vorticity, also known as topological charge, stores quantized phase information and can be carried losslessly by the vortex (soliton) during propagation. An optical vortex has a ring-shaped intensity profile and commonly the diameter of the vortex increases with the topological charge. Higher-order vortices with larger topological charges often become unstable during propagation [7] but can be stabilized by saturable nonlinearity [8] , nonlocal nonlinearity [9] , optical lattices [10] , or localized gain in a dissipative system [11] .
For possible applications in information storage and processing, optically-induced excitations in planar semiconductor microcavities, so-called exciton-polaritons, have recently attracted a lot of attention. An excitonpolariton is a hybrid light and matter quasiparticle that is composed of quantum well (QW) excitons and cavity photons. Due to their half-light half-matter nature, polaritons can be probed and excited optically, both resonantly and nonresonantly, and they interact with each other through Coulomb interaction. The resulting polariton-polariton interaction gives rise to strong nonlinearities and spontaneous macroscopic coherence, i.e., polariton condensation [12, 13] . The finite lifetime of polaritons renders the system inherently dissipative and the condensates emit coherent light by recombination of excitations. The (repulsive) nonlinearity of polaritons leads to manifestation of various nonlinear phenomena, such as optical bistability [14, 15] , solitons [16] [17] [18] , and vortices [19] [20] [21] [22] .
Under nonresonant excitation, an optical beam induces the excitation reservoir that provided the gain of the polariton condensate. In this case, vortices formed are balanced not only by the dispersion and nonlinearity (as in conservative systems), but also by the loss and the gain, such that they possess both OAM and a radial momentum. The excitation reservoir also acts as an effective external potential and strongly influences the distribu-tion and dynamics of condensates. A ring-shaped optical beam can create a 2D potential trap, which balances the outgoing propagation of the condensate, supporting stable ring shaped (bright) vortices in a system with repulsive nonlinearity. Simultaneously, the feedback of the condensation process reshapes the distribution of the reservoir, enabling vortex multistability [23] .
In this paper, we consider a ring-shaped external well potential in a semiconductor microcavity as sketched in Fig. 1(a) . The potential well can trap the condensate inside, suppressing the outgoing propagation. In this case, multistable vortices can form that have (almost) the same ring shaped density profile but different OAM and energies. In recent works [24, 25] it was reported that two coherent optical beams with different OAM or frequencies can excite rotating condensates. Here we demonstrate that for nonresonant excitation, by tuning the depth and the width of the ring potential higher modes with two density rings inside the potential well can also be trapped. If two of these modes with different OAM contribute to the condensate simultaneously, spontaneously rotating solutions are obtained in the nonresonant excitation scenario where neither OAM nor frequency are externally imprinted. If the two modes have the same OAM, oscillating ring solutions are predicted.
Model -The dynamics of a polariton condensate in a planar QW semiconductor microcavity in the vicinity of the polariton ground state can be described by a drivendissipative Gross-Pitaevskii (GP) equation, coupled to an incoherent equation for the density of the excitation reservoir [26] :
Here Ψ(r, t) is the coherent condensate field and n(r, t) is the density of the reservoir. The effective mass of polaritons around the bottom of the lower-polariton branch is m eff =10 −4 m e (m e is the free electron mass). The loss rate of the condensate and the reservoir are represented by γ c =0.08 ps −1 and γ r =1.5γ c , respectively. R=0.01 ps −1 µm 2 is the polariton condensation rate. The nonlinear coefficient g c =3 × 10 −3 meV µm 2 represents the strength of the polariton-polariton interaction and the strength of the polariton-reservoir interaction is given by g r =2g c . V (r, t) is the external potential. P (r, t) is the nonresonant pump with frequency far above the exciton resonance. In this work, a Gaussian optical beam is used for excitation with spot diameter of ∼100 µm and intensity of ∼1.2P th , where P th is the condensation threshold. The coupled equations, Eqs. (1) and (2), are explicitly solved using a 4th order Runge-Kutta method on a finite real-space grid with discretization of the dispersion with zero boundary conditions. To create a trapped vortex, a ring-shaped external potential well is included in the system. Such kind of potential can be fabricated in planar semiconductor microcavities by different techniques [27] [28] [29] [30] [31] . The sketch of the ring potential is shown in Fig. 1 . The spatial distribution of the potential is shown in Fig. 1(b) , where w R and w r represent the radii of the outer and inner boundaries of the potential, so that the potential width is given by w R − w r . In this work, we vary the width of the potential by changing w R for w r = 5 µm fixed. The potential depth is V 0 . Inside the potential well in Fig. 1(c) , different vortex states can be excited including the fundamental modes, which refers to vortices with only one density ring, and dipole modes with two density rings. Higher modes can also be trapped if the potential becomes deeper and broader [32, 33] . With sufficient separation (2w r ) of the condensate on opposite sides of the ring, interference is significantly reduced. This enables the formation of multiple stationary solutions where both the fundamental and the dipole mode have two possible realizations, the 0-state and the π-state. Considering a 1D cut through the ring as illustrated in Fig. 1(c) , the 0-state of the condensate has the same phase on both sides as illustrated by the solid blue (fundamental mode) and solid red (dipole mode) lines in Fig. 1(c) . For the π-state the condensate wavefunction in the centrosymmetric potential well is anti-symmetric [solid lines in the left well and dashed lines in the right well in Fig. 1(c) ].
First, we consider the 0− and π−states of the fundamental mode. For the 0−state, if traveling to the opposite side of the ring, the phase difference must be 2π · n, with integer n = 0, 1, 2, · · · . Therefore the phase difference, Θ, of a vortex solution by travelling the whole ring satisfies Θ 2 = 2π · n, n = 0, 1, 2, · · ·
In this case, a trapped ring solution can carry, in principle, the topological charge m = Θ 2π = 0, 2, 4, · · · . Simi- larly, it can be calculated that for the π−state solutions the topological charges can be m = 1, 3, 5, · · · . The non-topological (m = 0) ring solution and the m = 1 and m = 2 charged vortex solutions are presented in Fig. 2 . All these solutions are stable after a sufficient long time evolution. To target the solutions individually, a seed with the respective OAM is used in the numerical solution of Eqs. (1) and (2) . One can see from the condensate spectra (the bottom row in Fig. 2 ) that the solutions are completely trapped inside the potential well, so that their density distributions (the top row in Fig. 2 ) are almost the same with perfectly localized rings. This property is significantly different from the multistable vortices formed for ring shaped pump pro-files without external potential [23] , where the effective diameter of a vortex ring increases with the topological charge. Another difference is the phase distribution. In previous work the phases of polariton vortices are spiraling due to the outgoing propagation of the condensate [23, 34] , while in this work the strong and narrow potential well leads to propagation of the condensate only inside the well. As a result, the phases are almost radius independent (middle row in Fig. 2) . This enables the stabilization of higher order vortices that are topologically unstable in optical potentials, with the density minimum undergoing dynamical splitting and recombination [35] , in polariton condensates. The vortex with m = ±3 (π−state) is unstable for the same parameters. The higher the topogical charge, the higher the vortex energy, such that the m = ±3 vortex is nearly above the potential well. We note that after sufficiently long time evolution the m = ±3 vortex transitions into the fundamental mode with m = ±1, which is the π−state, instead of the fundamental solution with m = 0 (0-state). Higher topological charges can be trapped and stabilized if the potential depth or the width is increased. Figure 3 shows the simultaneous appearance of the fundamental mode and the dipole mode when the potential becomes deeper and broader. The beating between the two trapped modes creates an oscillating solution with two different peak densities as shown in Fig. 3(a) . The period is around 8.6 ps, which agrees with the energy difference of the two states in Fig. 3(i) . The dipole mode is a higher mode in radius direction, with two density rings, one close to the inner boundary of the potential well and the other one close to the outer boundary. Superimposing this higher mode with the fundamental mode results in a density that is persistently oscillating between the two rings as shown in Figs. 3(c) and 3(d) . The topological charge of such an oscillation solution is time independent with m = 0. This solution is generated for a homogeneous initial condition with a flat phase profile.
If the initial condition carries an OAM close to m = 1, the same peak density oscillation with that in Fig. 3(a) is obtained due to the simultaneous contribution of the two modes. But, in this case the topological charge of the condensate converges to m = 1 [blue line in Fig. 3(b) ]. The 2π phase jump of the ring solution is clearly seen in Figs. 3(g) and 3(h), where a π phase jump between the outer ring and the inner ring is seen. We note that with the similar oscillation dynamics in real space there is no significant difference between the momentum-resolved spectra of the two oscillations as shown in Fig. 3(i) . If comparing their spectra in k space, one can see that in Fig. 3(j) both fundamental mode and higher mode are excited to the 0-state without OAM with a contribution to the spectrum at k x = 0. In contrast in Fig. 3(k) two π-state solutions, i.e. fundamental vortices with m = 1, are excited.
In the results shown above, the strongly trapped funda-mental and dipole modes always inherit the phase from the initial conditions. Therefore, it is worth considering a scenario where these two modes are in opposite states. For this purpose, we use noisy initial conditions and slightly decrease the depth of the ring potential to V 0 = 0.5 meV, with the same width w R = 8 µm as in Fig. 3 . The shallower potential squeezes the dipole mode towards potential edge, forming a free (nontrapped) mode when it is out of the potential well as shown in Fig. 4(e) . The k-resolved spectra in Figs. 4(e ) and (f) show that the higher dipole mode is the 0-phase state (with m = 0), while the fundamental mode is still the π-state (with m = 1). Since their is only one mode that is topologically charged, the simultaneous excitation of the two modes shows a crescent shaped density profile in both the inner ring and the outer ring in Fig. 4(c) . This density distribution preserves its shape over time and is rotating about the center of the ring. Such dynamics lead to a total OAM that takes a fractional value as shown Fig. 4(b) ]. Interestingly, the fundamental mode can also be excited to the m = 2 vortex (0-state) as shown in Figs also a fractional OAM as shown in Fig. 4(b) .
To conclude, we have demonstrated that polariton condensates trapped in an external ring-shaped well potential show a multistability of fundamental states with or without OAM. When the potential is sufficiently deep and broad both fundamental and dipole modes can be excited. Then, depending on the OAM of the dominant modes, a condensate state is generated that is oscillating between an inner and an outer ring or forming a spatially rotating state with crescent shape.
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